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49 Pdufk 4<<9
Devwudfw
D idprxv wkhruhp rq wuhqg uhprydo e| ROV uhjuhvvlrq +xvxdoo| dw0
wulexwhg wr Juhqdqghu dqg Urvhqeodww +4<8:,, jdyh frqglwlrqv iru wkh
dv|pswrwlf htxlydohqfh ri JOV dqg ROV lq ghwhuplqlvwlf wuhqg h{wudf0
wlrq1 Zkhq d wlph vhulhv kdv wuhqg frpsrqhqwv wkdw duh vwrfkdvwlfdoo|
qrqvwdwlrqdu|/ wklv dv|pswrwlf htxlydohqfh qr orqjhu krogv1 Zh frq0
vlghu prghov zlwk lqwhjudwhg dqg qhdu0lqwhjudwhg huuru surfhvvhv zkhuh
wklv dv|pswrwlf htxlydohqfh euhdnv grzq1 Lq vxfk prghov/ wkh dgydq0
wdjhv ri JOV fdq eh dfklhyhg wkurxjk txdvl0glhuhqflqj dqg zh jlyh
dq dv|pswrwlf wkhru| ri wkh uhodwlyh jdlqv wkdw rffxu lq ghwhuplqlvwlf
wuhqg h{wudfwlrq lq vxfk fdvhv1 Vrph glhuhqfhv ehwzhhq prghov zlwk
dqg zlwkrxw lqwhufhswv duh h{soruhg1
41 Lqwurgxfwlrq
Juhqdqghu dqg Urvhqeodww +4<8:, dqdo|vhg dv|pswrwlf h!flhqf| frq0
glwlrqv lq wlph vhulhv uhjuhvvlrqv zlwk vwdwlrqdu| huuruv1 Wkh| frqvlghuhg
WD uvw gudiw frqwdlqlqj vrph ri wkh uhvxowv uhsruwhg khuh zdv zulwwhq lq 4<<61 Wkh
suhvhqw sdshu lv dq deulgjhg yhuvlrq ri Skloolsv dqg Ohh +4<<9,1 Rxu wkdqnv jr wr wkh
QVI iru uhvhdufk vxssruw xqghu Judqw Qxpehuv VHV <455475 dqg VEU <7055<551
xqlyduldwh uhjuhvvlrq prghov zlwk wuhqgv vxfk dv || @ }| . x|> zkhuh
}| @ +4> w> ===> w&, dqg x| lv vwdwlrqdu| zlwk vshfwudo ghqvlw| i+, A 3> dqg
ghprqvwudwhg wkh dv|pswrwlf htxlydohqfh ri JOV dqg ROV wuhqg h{wudfwlrq
whfkqltxhv1 Kdqqdq +4<:3/ fkdswhu YLL, h{whqghg wkh Juhqdqghu0Urvhqeodww
wkhru| wr wkh fdvh ri pxowlyduldwh wlph vhulhv uhjuhvvlrqv dqg surylghg d jhq0
hudo wuhdwphqw ri wkh vxemhfw1 Wkh Juhqdqghu0Urvhqeodww uhvxow uholhv rq wkh
frqwlqxlw| ri wkh vshfwuxp ri x| dw wkh ruljlq +zkhuh wkh vshfwudo pdvv ri }|
lq wkh deryh prgho lv frqfhqwudwhg, dqg lw lv vdwlvhg lq prvw prghov wkdw
lqyroyh vwdwlrqdu| wlph vhulhv1 Exw/ wkh frqglwlrq lv ylrodwhg zkhq wkhuh
lv d xqlw urrw lq wkh gdwd jhqhudwlqj surfhvv ri x|= Lq idfw/ wkh frqglwlrq
idlov zkhqhyhu x| lv vwurqjo| ghshqghqw ru lqwhjudwhg ri rughu g zlwk g A 3
+ghqrwhg dv L+g,,1 Iru lq wkdw fdvh/ wkh vshfwudo ghqvlw| ri x| ehkdyhv olnh
d pxowlsoh ri 32_ dv  $ 3 dqg lv xqerxqghg dw  @ 31 Lq vxfk fdvhv
dv wkhvh/ wkh dv|pswrwlf htxlydohqfh ri JOV dqg ROV euhdnv grzq dqg zh
fdq dfklhyh h!flhqf| jdlqv lq hvwlpdwlqj wkh wuhqg frh!flhqwv  e| xvlqj
JOV phwkrgv1 Zkhq x| lv qhdu0lqwhjudwhg lq wkh vhqvh wkdw lw kdv dq dx0
wruhjuhvvlyh urrw wkdw lv orfdo wr xqlw|/ wkhuh lv djdlq d shdn dw wkh ruljlq
lq lwv vshfwuxp dqg zh fdq vwloo h{shfw jdlqv wr dffuxh iurp wkh xvh ri JOV
hvwlpdwlrq1
Wkh suhvhqw frqwulexwlrq fdofxodwhv wkh h!flhqf| jdlqv lq JOV wuhqg
h{wudfwlrq zkhq x| lv dq lqwhjudwhg ru qhdu0lqwhjudwhg surfhvv1 Wkhvh fdvhv
duh wkh prvw frpprqo| vwxglhg lq wkh hfrqrphwulfv olwhudwxuh/ wkh| kdyh
ehdulqj rq wkh lvvxh ri xqlw urrw whvwlqj/ dqg wkh| ohqg wkhpvhoyhv wr vlpsoh
txdvl0glhuhqflqj irupxodwlrqv wkdw duh frqyhqlhqw lq sudfwlfdo zrun1 Lq
frqwudvw wr wkh lqwhjudwhg dqg qhdu0lqwhjudwhg fdvhv/ wkh hhfwv ri vwurqj
ghshqghqfh rq wkh h!flhqf| ri ROV kdyh uhfhlyhg dwwhqwlrq lq wkh olwhudwxuh1
Lq sduwlfxodu/ \dmlpd +4<;;,/ Ehudq +4<<7/ fk1 <, dqg Vdpdury dqg Wdttx
+4<;;, vwxg| JOV h!flhqf| jdlqv lq prghov zlwk vwdwlrqdu| orqj0phpru|
huuruv zkhuh 3  g ? 4@5= Wkh fdvh zkhuh wkhuh duh qrqvwdwlrqdu| vwurqjo|
ghshqghqw huuruv zlwk 4@5 ? g ? 4 zdv dqdo|vhg lq Ohh dqg Skloolsv +4<<7,1
51 H!flhqf| Jdlqv lq Prghov zlwk Qhdu Lqwhjudwhg Huuruv
Vxssrvh d wlph vhulhv || lv jhqhudwhg e|
|| @ 

&}&| . x| > w @ 4> ===> W > +4,
x| @ x|3 . %| >  @ 4 . f@W >
zkhuh }&| @ +w> ===> w&,> dqg f lv d frqvwdqw wkdw uhsuhvhqwv orfdo ghsduwxuhv
iurp xqlw|1 Wkh sdudphwhu vhwwlqj  @ 4 . f@W idflolwdwhv h!flhqf| fdofx0
odwlrqv xvlqj orfdo0wr0xqlw| dv|pswrwlfv +vhh Skloolsv/ 4<;:d/ dqg Fkdq dqg
5
Zhl/ 4<;:,1 Wkh Juhqdqghu0Urvhqeodww wkhru| dssolhv zkhq mm ? 4> dqg
rxu lqwhuhvw lv lq wkh xqlw urrw dqg lqwhuphgldwh fdvhv1 Khqfh/ dwwhqwlrq khuh
irfxvhv rq wkh grpdlq f 5 +4> 3`=
Lqlwldo frqglwlrqv iru x| duh vhw dw w @ 3 dqg xf pd| eh dq| udqgrp
yduldeoh zlwk qlwh yduldqfh 2f1 Fdvhv zkhuh 
2
f $ 4 duh vrphwlphv ri
lqwhuhvw dqg wkhvh fdq fruuhvsrqg wr vlwxdwlrqv zkhuh wkh lqlwldo frqglwlrqv
duh lq wkh lqfuhdvlqjo| glvwdqw sdvw/ dowkrxjk revhuydwlrqv rq wkh surfhvv ||
duh dydlodeoh rqo| iurp w @ 4= Wkh hhfw ri vxfk dowhuqdwlyh lqlwldol}dwlrqv
rq rxu uhvxowv duh frqvlghuhg odwhu1
Wkh sulpdu| uhtxluhphqw rq wkh vkrfnv %| lv wkdw qrupdol}hg sduwldo
vxpv V| @
S|
r' %r ri %| vdwlvi| dq lqyduldqfh sulqflsoh dqg wklv zloo eh vr
xqghu d zlgh ydulhw| ri glhulqj frqglwlrqv rq %|= Wkh iroorzlqj frqglwlrqv
rq %| duh vx!flhqw iru wkh olplw wkhru| khuh1
514 Dvvxpswlrq HF +Huuru Frqglwlrqv,
+l, H%| @ 3 ;w> +ll, vxs|Hm%|mKnB ? 4 iru vrph e A 5 dqg A 3>
+lll, 2 @ olpH+V2A @W , h{lvwv/ dqg 
2 A 3> +ly, %| lv vwurqj pl{lqj zlwk
frh!flhqwv 6 wkdw vdwlvi|
S
"
6' 
32*K
6 ? 41
Lq wkh iroorzlqj/ zh xvh Z +u, wr ghqrwh vwdqgdug Eurzqldq prwlrq dqg
MS+u, @
U o
f h
Eo3rSgZ +v, wr ghqrwh d olqhdu glxvlrq surfhvv1 Qrwh wkdw MS+u,
vdwlvhv wkh olqhdu vwrfkdvwlf glhuhqwldo htxdwlrq gMS+u, @ fMS+u,gu.gZ +u,=
Xqghu Dvvxpswlrq HF zh kdyh=
515 Ohppd
+l, W3*2VdAoo , Z +u,> +ll, G3*2&A
SA
|'2 }&|%| , 
U 
f j&+u,gZ +u,>
+lll, W3*2xdAoo , MS+u,> +ly, W3G3*2&A
SA
|' }&|x| , 
U 
f j&+u,MS+u,gu>
zkhuh G&A @ gldj+W > W D> ===> W 2&n,/ j&+u, @ +u> ===> u&, dqg , vljqlhv
zhdn frqyhujhqfh1
Vlpsoh ohdvw vtxduhv uhjuhvvlrq rq +4, ohdgv wr wkh wuhqg frh!flhqw hv0
wlpdwru e&S @ 	A }&|}&|3 +	A }&|||,= JOV uhjuhvvlrq uhtxluhv xvh ri wkh
ixoo fryduldqfh vwuxfwxuh ri wkh huuru surfhvv x|= Wkh Juhqdqghu0Urvhqeodww
wkhru| fdq eh h{shfwhg wr fryhu frqwulexwlrqv wr wkh fryduldqfh vwuxfwxuh
wkdw frph iurp wkh vwdwlrqdu| ru zhdno| ghshqghqw frpsrqhqwv %|> exw qrw
wkrvh wkdw frph iurp wkh dxwruhjuhvvlyh urrw  @ 4 . f@W vlqfh lw lv wkh
odwwhu wkdw surgxfhv d shdn lq wkh vshfwuxp ri x|= Khqfh/ dv dq dowhuqdwlyh
wr ROV/ zh frqvlghu d sduwldo JOV ghwuhqglqj surfhgxuh wkdw lv edvhg rq wkh
txdvl0glhuhqfhg gdwd h}&| @ }&|}&|3 dqg h|| @ ||||3 iru w @ 5> ===> W /
frpelqhg zlwk wkh lqlwldo revhuydwlrqv h}& @ }&/ h| @ | iru w @ 4= Wklv
6
ohdgv wr wkh hvwlpdwru h&S @ 	A h}&|h}&|3	A h}&|h||=
Zh vkrz wkdw wkh sduwldo JOV hvwlpdwru h&S ri & lq +4, lv dv|pswrwlfdoo|
pruh h!flhqw wkdq e&S xqghu erwk d xqlw urrw +f @ 3, dqg d qhdu xqlw urrw
+f ? 3,= Wkh iroorzlqj uhvxowv jlyh wkh olplw glvwulexwlrqv ri wkhvh hvwlpdwruv1
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& +u,fj&+u,> jE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duh n  n pdwulfhv zlwk hohphqwv t @ lm@+l.m4, dqg ht @ l@+l.m,>
uhvshfwlyho|1
Ghqh wkh uhodwlyh h!flhqf| ri e&S wr h&S e| U&S  ghw+Y J,r&S ,@ghw+Y },r&S ,=
Wr surylgh vrph looxvwudwlyh frpsdulvrqv/ wdnh wkh fdvh ri wkh olqhdu wuhqg
prgho zkhuh n @ 4 lq +4,1 Wkhq/ zkhq f @ 3/ W *2+ef, , Q+3> 92@8,
 d uhvxow rewdlqhg hduolhu lq Gxuodxi dqg Skloolsv +4<;;,1 Rq wkh rwkhu
kdqg/ W *2+hf  , , Z +4, @ Q+3> 2,1 Khqfh/ iru olqhdu wuhqg h{0
wudfwlrq wkhuh lv dq dv|pswrwlf h!flhqf| jdlq ri 53( iurp wkh xvh ri wkh
sduwldo JOV hvwlpdwru hf zkhq x| lv lqwhjudwhg ri rughu 41 Zkhq f 9@ 3/
wkh yduldqfhv ri wkh olplw yduldwhv duh
Y J,rS @ <
2^6h2S+f4,2 .5f .6f2  6`@9fD> dqg Y },rS @ 62@+6 6f. f2,=
Lq wklv fdvh/ wkh uhodwlyh h!flhqf| US @ Y J,rS @Y
},r
S / lv judskhg djdlqvw
qhjdwlyh ydoxhv ri f lq Iljxuh 41 Dv f $ 4/ US $ 4> vr wkhuh duh qr
7
jdlqv iurp wkh xvh ri JOVghwuhqglqj lq wkh olplwlqj fdvh1 Wklv lv wr eh
h{shfwhg vlqfh f $ 4 lv wkh olplw ri wkh grpdlq ri ghqlwlrq ri f wkdw
fruuhvsrqgv wr wkh vwdwlrqdu| fdvh/ iru zklfk wkh JuhqdqghuUrvhqeodww
dv|pswrwlf htxlydohqfh uhvxow krogv1 Iljxuh 4 dovr vkrzv wkdw wkh pd{lpxp
jdlqv lq h!flhqf| iurp JOV rffxu iru qlwh f ? 3> udwkhu wkdq dw }hur1

Iljxuh 4 derxw khuh

Lq wkh jhqhudo fdvh/ zulwh wkh olplw yduldwhv iurp wkhruhpv 516 dqg 517 dve]S @T3& U f j&+u,MS+u,gu> dqg h]S @  kU f iS&+u,iS&+u,gul3 U f iS&+u,gZ +u,=
Wkhq/ dv f $ 4 wkh dv|pswrwlf htxlydohqfh ri e]S dqg h]S lv jlyhq e|
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sf
e]S  h]S R$ 3 dqg U&S $ 4 dv f $ 4=
61 Wkh Hhfwv ri d Ilwwhg Lqwhufhsw
D frqvwdqw whup lv qrw lqfoxghg lq +4, ehfdxvh wkh lqwhufhsw lv qrw frq0
vlvwhqwo| hvwlpdeoh1 Qhyhuwkhohvv/ lw lv xvxdo lq hpslulfdo zrun iru uhjuhvvlrq
ghwuhqglqj surfhgxuhv wr lqyroyh wwhg lqwhufhswv1 Vr lw lv ri vrph lqwhuhvw
wr frqvlghu wkh dv|pswrwlf ehkdylrxu ri wkh hvwlpdwruv h&S dqg e&S lq wklv
fdvh1 Lq uhodwhg zrun/ Fdqmhov dqg Zdwvrq +4<<8, vwxglhg wkh fdvh ri olq0
hdu wuhqg h{wudfwlrq zlwk d wwhg lqwhufhsw dqg qhdu lqwhjudwhg huuruv1 Wkh
wuhdwphqw wkdw iroorzv frqvlghuv wkh fdvh ri jhqhudo sro|qrpldo wuhqgv zlwk
wwhg lqwhufhswv dqg qhdu lqwhjudwhg huuruv/ dqg lqglfdwhv vrph vxewohwlhv lq
wkh olplw wkhru| wkdw dulvh dv f $ 4 gxh wr wkh grxeo|0lqqlwh wuldqjxodu
duud| vwuxfwxuh ri ||=
Frqvlghu wkh iroorzlqj prgho lq sodfh ri +4,
|| @ f . 

&}&| . x| @ 
}| . x| > w @ 4> ===> W = +5,
Lw wxuqv rxw wkdw zkhq wkh orfdol}lqj sdudphwhu f lv {hg/ wkh suhvhqfh ri
wkh frqvwdqw whup f lq wkh uhjuhvvlrq +5, grhv qrw lq xhqfh wkh dv|pswrwlf
glvwulexwlrq ri wkh sduwldo JOV hvwlpdwru h&S= Wr vhh wklv/ qrwh wkdw
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Vlqfh wklv pdwul{ lv eorfn gldjrqdo/ lw iroorzv wkdw wkh lqfoxvlrq ri d wwhg
lqwhufhsw lq d sduwldo JOV uhjuhvvlrq rq +5, grhv qrw dowhu wkh dv|pswrwlf
glvwulexwlrq ri wkh hvwlpdwhv ri wkh wuhqg frh!flhqw yhfwru & wkdw lv jlyhq lq
wkhruhp 5171 Wkxv/ wkh JOV hvwlpdwhv ri & kdyh wkh vdph olplw glvwulexwlrq
zkhwkhu ru qrw dq lqwhufhsw lv lqfoxghg lq wkh uhjuhvvlrq1 Wklv uhvxow ghshqgv
fulwlfdoo| rq wkh dvvxpswlrq wkdw wkh orfdol}lqj sdudphwhu lv {hg1
Xqolnh h&S> wkh olplw glvwulexwlrq ri wkh ROV wuhqg hvwlpdwru e&S lv
dhfwhg e| d wwhg lqwhufhsw1 Lq wklv fdvh/ wkh olplw glvwulexwlrq lv irxqg wr
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k& lv n0yhfwru froxpq zlwk l*wk hohphqw 4@+l. 4,=
Lq wkh olqhdu wuhqg fdvh +n @ 4,> wkh dv|pswrwlf uhodwlyh h!flhqf| ri eS
wr hS lv
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zklfk lv sorwwhg lq Iljxuh 51 Qrwh wkdw wkh olplw ri U}S dv f $ 4>
grhv qrw dsshdu iurp wklv jxuh wr eh xqlw|/ dv zrxog eh h{shfwhg iurp
wkh Juhqdqghu0Urvhqeodww wkhru|/ d srlqw wkdw lv xqqrwlfhg lq wkh zrun ri
Fdqmhov dqg Zdwvrq +4<<8,1 Lq idfw/ d vlpsoh fdofxodwlrq vkrzv wkdw U}S $ 7
dv f $ 41

Iljxuh 5 derxw khuh
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Zh qrz vkrz zk| JOV dsshduv wr eh pruh h!flhqw wkdq ROV dw wkh
erxqgdu| ri wkh grpdlq ri ghqlwlrq ri f= Iluvw/ revhuyh wkdw wkh dv|pswrwlf
wkhru| iru e&S dqg h&S hvvhqwldoo| lqyroyhv d wuldqjxodu duud| olplw wkhru|
zkhq erwk mfm dqg W duh odujh1 Olplwv wdnhq dorqj glhuhqw gldjrqdov ri wklv
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zlwk d wwhg lqwhufhsw1 Fdoo wklv hvwlpdwru wkh wwhg phdq JOV hvwlpdwru
ri & lq +5, = Qrz/ lq sodfh ri wkhruhp 517/ zh jhw wkh iroorzlqj dv|pswrwlf
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eh wkh yduldwh uhs0
uhvhqwlqj wkh olplw glvwulexwlrq ri wkh wwhg phdq JOV hvwlpdwru jlyhq
lq wkhruhp 6141 Ghqh wkh h!flhqf| udwlr ri wklv hvwlpdwru djdlqvw ROV
dv U6&S  ghw+Y s6J,r&S ,@ghw+Y s6},r&S ,= Wkhq/ zh kdyh dffrugdqfh zlwk wkh
Juhqdqghu0Urvhqeodww wkhru| dw wkh olplw ri wkh grpdlq ri ghqlwlrq ri f dv
iroorzv1
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Dq lqwhufhsw lq wkh uhjuhvvlrq dovr d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vrphzkdw xqxvxdo ehfdxvh wkh uvw shulrg huuru whup x sod|v d uroh lq
wkh dv|pswrwlfv1 Wklv lv h{sodlqhg e| wkh idfw wkdw wkh qrupdol}hg vhf0
rqg prphqw pdwul{ +6, lv qrw eorfn gldjrqdo lq wkh olplw dv W $ 4 zkhq
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W  ff> wkh lqwhufhsw lq +5, lv qrw frqvlvwhqwo| hvwlpdwhg/ dqg frqvh0
txhqwo| x kdv dq hhfw rq wkh olplw glvwulexwlrq ri
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Wr looxvwudwh/ wdnh wkh fdvh n @ 4 dqg vxssrvh 2 @ 3= Wkh uhodwlyh dv|ps0
wrwlf h!flhqf| UfS  Y s6J,rS @Y }S ri wkh sduwldo JOV hvwlpdwru
;
 dqg wkh
ROV hvwlpdwru lv sorwwhg lq Iljxuh 6 djdlqvw ff= Dv lv dssduhqw iurp wkh
jxuh/ wkh h!flhqf| fxuyh whqgv wr 7 dv ff $ 3 dqg whqgv wr 4 dv ff $ 4=

Iljxuh 6 derxw khuh

Ilqdoo|/ zh jr edfn wr wkh gluhfw frpsdulvrq ri ROV dqg JOV lq wkh
prgho +5, = Lq wkh jhqhudo fdvh/ ghqh wkh h!flhqf| udwlr ri wkh wwhg phdq
ROV hvwlpdwru e&S dqg wkh JOV wuhqg frh!flhqw hvwlpdwru h&S e| U}&S 
;
ghw+Y s6J,r&S ,@ghw+Y
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&S ,= Wkh olplwlqj ehkdylrxu ri wklv udwlr dv f $ 4 lv
jlyhq lq wkh qh{w uhvxow1
616 Wkhruhp U}&S $ +n . 4,2 dv f $ 4=
Iru n @ 4 wklv uhgxfhv wr wkh hduolhu uhvxow glvfxvvhg deryh/ zkhuh U}S $
71 Wkh idfwru +n . 4,2 phdvxuhv wkh dgglwlrqdo yduldqfh lq wkh olplw ri wkh
ROV surfhgxuh wkdw lv gxh wr hvwlpdwlqj dq lqwhufhsw lq wkh uhjuhvvlrq1
71 Dowhuqdwlyh Lqlwldol}dwlrqv
Wkh uhvxowv jlyhq deryh uho| rq wkh lqlwldo revhuydwlrq xf kdylqj frqvwdqw
yduldqfh 2f> vr wkdw xf @ R@r+4, dv W $ 41 Wkhuh lv vrph phulw wr
pdnlqj dvvxpswlrqv derxw xf zklfk jlyh lw surshuwlhv wkdw duh dqdorjrxv
wr wkrvh ri x| lwvhoi1 Wklv fdq eh grqh e| sxwwlqj wkh lqlwldo frqglwlrqv
wkdw ghwhuplqh xf lqwr wkh lqfuhdvlqjo| glvwdqw sdvw dv W $ 4= Rqh zd| ri
grlqj wklv +h1j1 Xkolj/ 4<<7/ ru Fdqmhov dqg Zdwvrq/ 4<<8, lv wr ghqh xf @
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dvvxpswlrq 5141 Wkhq W3*2xf , MScf+,> zkhuh MScf lv d glxvlrq surfhvv
jhqhudwhg e| gMScf+u, @ fMScf+u,gu . gZf+u,> lq zklfk Zf lv d vwdqgdug
Eurzqldq prwlrq lqghshqghqw riZ=Doo ri wkh deryh wkhru| fdq eh ghyhorshg
iru wklv lqlwldol}dwlrq ri xf> zlwk qr fkdqjhv ri vxevwdqfh lq wkh olplw wkhru|1
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Wkh dv|pswrwlf uhodwlyh h!flhqf| ri e&S wr h&S lv qrz jlyhq e| wkh
udwlr U&S  ghw+Y J,r&S,@ghw+Y },r&S,> dqg wklv ghshqgv rq wkh lqlwldol}dwlrq
sdudphwhu  = Iljxuh 7 sorwv wkh h!flhqf| fxuyhv djdlqvw qhjdwlyh ydoxhv ri f
iru ydulrxv  = Dssduhqwo|/  kdv olwwoh hhfw rq wkh uhodwlyh h!flhqf| ri e&S
wr h&S iru ydoxhv ri f  7= Krzhyhu/ zkhq f 5 +7> 3`/ wkh hhfw ri pruh
glvwdqw lqlwldo frqglwlrqv lv vhhq wr eh vxevwdqwldo1 D vlpsoh fdofxodwlrq
vkrzv wkdw/ dv  $ 4> VS+, $ 4@+5f, dqg MScf+, , Q+3> 4@+5f,,=
Wkhq/ wkh lqlwldo frqglwlrqv grplqdwh wkh olplw wkhru| ri wkh hvwlpdwruv iru
f  3= Lq idfw/ iru odujh  dqg dv f $ 3 zh qg wkdw
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Rq wkh rwkhu kdqg/ dv f $ 4> sf ^MSc"+u, MS+u,` R$ 3> VS+4, $ 3 dqg
MScf+4, R$ 3= Khqfh/ wkh olplw wkhru| iru f $ 4 wkdw lv jlyhq lq wkhruhpv
518 dqg 615 frqwlqxhv wr dsso| hyhq zlwk wkh qhz lqlwldol}dwlrq1
81 Frqfoxvlrq
Wklv sdshu vkrzv wkdw JOV phwkrgv duh dv|pswrwlfdoo| pruh h!flhqw
wkdq ROV lq hvwlpdwlqj ghwhuplqlvwlf wuhqg frh!flhqwv zkhq wkh huuru surfhvv
lv lqwhjudwhg ru qhdu0lqwhjudwhg1 Pd{lpdo jdlqv whqg wr rffxu zkhq wkh or0
fdol}lqj sdudphwhu f lv ohvv wkdq }hur lq wkh qhdu lqwhjudwhg fdvh/ xqohvv
wkh lqlwldo frqglwlrqv duh lq wkh yhu| glvwdqw sdvw1 Li wkh wuhqg h{wudfwlrq
surfhgxuhv lqyroyh d wwhg lqwhufhsw/ vrph lqwhuhvwlqj vxewohwlhv lq wkh olplw
wkhru| dulvh dv f $ 4> wkh orzhu olplw ri lwv grpdlq ri ghqlwlrq wkdw
fruuhvsrqgv wr wkh fdvh ri vwdwlrqdu| huuruv1 Lq wklv fdvh/ || lv jhqhudwhg
e| d grxeo| lqqlwh wuldqjxodu duud|/ dqg wkh olplw glvwulexwlrq ri wkh JOV
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hvwlpdwru ghshqgv rq wkh uhodwlyh dssurdfk wr lqqlw| ri wkh wzr sdudphwhuv
f dqg W=
Wkh jdlqv lq h!flhqf| wkdw dffuxh iurp wkh JOV wuhqg h{wudfwlrq surfh0
gxuhv vwxglhg khuh vxjjhvw wkdw wkhuh duh olnho| wr eh vlplodu dgydqwdjhv lq
rwkhu prghov wkdw lqyroyh qrqvwdwlrqdu| surfhvvhv/ vxfk dv pxowlsoh htxdwlrq
v|vwhpv zlwk vwrfkdvwlf dqg ghwhuplqlvwlf frlqwhjudwlrq1
91 Surriv
Zh rxwolqh wkh surriv ri wkh uhvxowv jlyhq lq wkh wh{w1 Ixuwkhu ghwdlov duh
jlyhq lq Skloolsv dqg Ohh +4<<9,1
914 Surri ri Ohppd 515 Sduwv +l, dqg +lll, duh suryhg lq Skloolsv +4<;:d/
e,1 Sduwv +ll, dqg +ly, duh suryhg lq Skloolsv dqg Shuurq +4<;;, iru n @ 41
Wkh h{whqvlrq wr n A 4 lv vwudljkwiruzdug1
915 Surriv ri Wkhruhpv 516 dqg 517 Wkhvh iroorz lq d vlpsoh zd| iurp
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4@+n . 4,2> jlylqj wkh vwdwhg uhvxow1
:1 Uhihuhqfhv
Ehudq/ M1 +4<<7,1 Vwdwlvwlfv iru Orqj0Phpru| Surfhvvhv1 Fkdspdq dqg
Kdoo1
Fdqmhov/ H1 dqg P1 Zdwvrq +4<<8,1 Hvwlpdwlqj ghwhuplqlvwlf wuhqgv lq
wkh suhvhqfh ri vhuldoo| fruuhodwhg huuruv/ iruwkfrplqj lq Uhylhz ri
Hfrqrplfv dqg Vwdwlvwlfv1
Fkdq/ Q1 K1 dqg F1 ]1 Zhl +4<;:,1 Dv|pswrwlf lqihuhqfh iru qhduo| qrq0
vwdwlrqdu| DU+4, surfhvvhv1 Dqqdov ri Vwdwlvwlfv/ 48/ 4383043961
Gxuodxi/ V1 Q1 dqg S1 F1 E1 Skloolsv +4<;;, Wuhqgv yhuvxv udqgrp zdonv
lq wlph vhulhv dqdo|vlv/ Hfrqrphwulfd/ 89/ 4666046871
Hoolrww/ J1/ W1 M1 Urwkhqehuj dqg M1 K1 Vwrfn +4<<8,/ H!flhqw whvwv ri dq
dxwruhjuhvvlyh xqlw urrw/ Hfrqrphwulfd1
Juhqdqghu/ X1 dqg P1 Urvhqeodww +4<8:,1 Vwdwlvwlfdo Dqdo|vlv ri Vwdwlrqdu|
Wlph Vhulhv1 Qhz \run= Zloh|1
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Kdqqdq H1 M1 +4<:3,1 Pxowlsoh Wlph Vhulhv1 Qhz \run= Zloh|1
Ohh F1 F1 dqg S1 F1 E1 Skloolsv +4<<7,1 H!flhqf| jdlqv xvlqj JOV ryhu
ROV xqghu qrqvwdwlrqdulw|/ plphrjudskhg/ \doh Xqlyhuvlw|1
Skloolsv/ S1 F1 E1 +4<;:d,1 Wrzdugv d xqlhg dv|pswrwlf wkhru| iru dx0
wruhjuhvvlrq/ Elrphwulnd/ :7/ 86887:1
Skloolsv/ S1 F1 E1 +4<;:e,1 Wlph vhulhv uhjuhvvlrq zlwk d xqlw urrw/ Hfrqr0
phwulfd/ 88/ 5::6341
Skloolsv/ S1 F1 E1 dqg F1 F1 Ohh +4<<9,1 H!flhqf| jdlqv iurp txdvl0
glhuhqflqj xqghu qrqvwdwlrqdulw|/ plphrjudskhg/ \doh Xqlyhuvlw|1
Skloolsv/ S1 F1 E1 dqg S1 Shuurq +4<;;,1 Whvwlqj iru d xqlw urrw lq wlph
vhulhv uhjuhvvlrq/ Elrphwulnd/ :7/ 86887:1
Vdpdury/ D1 dqgP1 V1 Wdttx +4<;;,1 Rq wkh h!flhqf| ri wkh vdpsoh phdq
lq orqj phpru| qrlvh/ Mrxuqdo ri Wlph Vhulhv Dqdo|vlv/ </ 4<45331
Xkolj/ K1 +4<<7,1 Rq Mhuh|v* sulru zkhq xvlqj wkh h{dfw olnholkrrg ixqf0
wlrq/ Hfrqrphwulf Wkhru|/ 43/ 96609771
\dmlpd/ \1 +4<;;,1 Rq hvwlpdwlrq ri d uhjuhvvlrq prgho zlwk orqj0phpru|
vwdwlrqdu| huuruv/ Dqqdov ri Vwdwlvwlfv/ 49/ :<4;3:1
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